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Abstract
This article studies a multi-dimensional parabolic first initial–boundary value problem with a concentrated
nonlinear source. A criterion for its solution to blow up everywhere on the concentrated source in a finite time
is given.
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1. Introduction
The main purpose of this article is to give a criterion for the solution to blow up everywhere on the
concentrated nonlinear source in a finite time. This extends the result of Chan and Tian [1], who gave
sufficient conditions that lead to the blow-up of the solution somewhere on the concentrated nonlinear
source in a finite time.
Let D be a bounded n-dimensional domain, ∂ D be its boundary, D¯ be its closure, T be a positive real
number,Ω = D×(0, T ], S = ∂ D×(0, T ], S¯ be its closure, Hu = ut −u, and x = (x1, x2, x3, . . . , xn)
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be a point in the n-dimensional Euclidean space. Let us consider the multi-dimensional problem,
Hu = δ(x − b) f (u(x, t)) in Ω,
u(x, 0) = ψ(x) on D¯, u = 0 on S,
}
(1.1)
where δ(x) is the Dirac delta function, and b is a given point in D. This model is motivated by
applications in which the ignition of a combustible medium is accomplished through the use of either a
heated wire or a pair of small electrodes to supply a large amount of energy to a very confined area. It
describes the temperature u due to a concentrated nonlinear source δ(x − b) f (u(x, t)) situated at b, and
subject to some initial distribution of temperature ψ(x) and the zero temperature on the lateral boundary.
The case when n = 1 was studied by Olmstead and Roberts [2] by analyzing its corresponding nonlinear
Volterra equation of the second kind at the concentrated source situated at b. They showed existence
of a continuous nonnegative solution u(b, t) by using the contraction mapping, and gave a criterion for
u(b, t) to blow up in a finite time. A one-dimensional problem due to a source with local and nonlocal
features was also studied by Olmstead and Roberts [3] by analyzing a pair of coupled nonlinear Volterra
equations with different kernels.
Chadam and Yin [4] pointed out that the above problem (1.1) was not correctly posed for n > 1. Let
B be an n-dimensional ball {x ∈ D : |x − b| < R} centered at b ∈ D with a radius R, B¯ be its closure,
and ∂ B be its boundary such that B¯  D. Also, let ν(x) denote the unit inward normal at x ∈ ∂ B, and
χB(x) be the characteristic function. Since the Dirac delta function is the derivative of the Heaviside
function, a natural replacement of δ(x − b) is ∂χB(x)/∂ν (cf. [1]). Thus instead of (1.1), we consider
the following multi-dimensional semilinear parabolic first initial–boundary value problem:
Hu = ∂χB(x)
∂ν
f (u(x, t)) in Ω,
u(x, 0) = ψ(x) on D¯, u = 0 on S,

 (1.2)
where we have extended the normal vector ν(x) to a vector field defined in the whole domain
D. Let Ω have the property that for every point P ∈ S¯, there exists an (n + 1)-dimensional
neighborhood N such that N ∩ S¯ can be represented, for some i ∈ {1, 2, 3, . . . , n}, in the form
xi = z(x1, x2, x3, . . . , xi−1, xi+1, . . . , xn, t), where z, Dx z, D2x z, and Dt z are Hölder continuous of
exponent α ∈ (0, 1) while Dx Dt z and D2t z are continuous. We assume that f (0) ≥ 0, f ′(0) ≥ 0, f (u)
and f ′(u) are positive for u > 0, and ψ(x) is nontrivial on ∂ B, nonnegative, and continuous such that
ψ = 0 on ∂ D, ψxi is bounded for i = 1, 2, 3, . . . , n, and
ψ + ∂χB(x)
∂ν
f (ψ(x)) ≥ 0 in D. (1.3)
This condition (1.3) is used to show that before u blows up, u is a nondecreasing function of t (cf. [1]).
A solution of the problem (1.2) is a continuous function on Ω¯ and satisfies (1.2).
A solution u of the problem (1.2) is said to blow up at the point (x, tb) if there exists a sequence
{(x (n), tn)} such that u(x (n), tn) → ∞ as (x (n), tn) → (x, tb).
Chan and Tian [1] proved that the problem (1.2) has a unique nonnegative solution u, which is a
nondecreasing function of t . They also showed that u blows up if it ceases to exist after a finite time. If
the initial energy is positive and the nonlinear reaction is sufficiently fast, then u blows up in a finite time.
If u blows up in a finite time, it is shown that it blows up somewhere on B¯. Since the source occupies
∂ B, the assumption f = 0 for x ∈ B¯ is not necessary, and the proof of Theorem 6 there shows that u
blows up somewhere on ∂ B. Here in Section 2, we give a criterion for u to blow up everywhere on ∂ B
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in a finite time under an assumption of less smoothness for the initial data. We note that for the blow-up
set, Chadam and Yin [4] considered only the case n = 1.
2. A blow-up criterion
Let |D| denote the volume of D, ω denote the n-dimensional solid angle (that is, the surface area of
an n-dimensional unit ball), and
µ(t) =
∫
D
φ(x)u(x, t) dx,
where φ denotes the normalized fundamental eigenfunction of the problem,
φ + λφ = 0 in D, φ = 0 on ∂ D,
with λ denoting its corresponding eigenvalue.
Let maxx∈D¯ u(x, t) = M(t).
Theorem 1. If
ψ(x) = M(0) for x ∈ ∂ B, and M(0) > ψ(y) for any y ∈ ∂ B, (2.1)
µ(0) >
( |D|p/2λ
Rn−1ω
)1/(p−1)
, (2.2)
φ(x) f (u(x, t)) ≥ u p(x, t) for x ∈ ∂ B, (2.3)
where p is a real number greater than 1, then the solution u of the problem (1.2) blows up everywhere
on ∂ B at a finite time.
Proof. By Theorems 3 and 4 of Chan and Tian [1], there exists some tb such that for 0 ≤ t < tb, the
problem (1.2) has a unique nonnegative (continuous) solution u, which is a nondecreasing function of
t . Since u on ∂ B × (0, tb) is known, let us denote it by g(x, t), and rewrite the problem (1.2) as two
initial–boundary value problems:
Hu = 0 in (D\∂ B) × (0, tb),
u = g(x, t) on ∂ B × (0, tb),
u(x, 0) = ψ(x) on D¯, u = 0 on ∂ D × (0, tb).
Let us suppose that there exists a smallest value of t , say t0, and some y¯ ∈ ∂ B such that u(y¯, t0) =
minx∈∂ B u(x, t0). We assert that this implies for x ∈ ∂ B, u(x, t0) = u(y¯, t0). If this is not true, then
there exists some x¯ ∈ ∂ B such that u(x¯, t0) > minx∈∂ B u(x, t0). Since u is continuous, there exists
some point (y˜, t0) in a neighborhood of (x¯, t0) such that y˜ ∈ ∂ B and u(y˜, t0) > minx∈∂ B u(x, t0). This
contradicts the definition of t0, and our assertion is proved. We now have u attaining its maximum at
(y¯, t0) for 0 ≤ t ≤ t0. By the strong maximum principle (cf. [5, p. 34]), u ≡ u(y¯, t0) in B × (0, t0]
if y¯ ∈ B, and u ≡ u(y¯, t0) in (D\B¯) × (0, t0] if y¯ ∈ (D\B¯). Since u is continuous, it follows that
u ≡ u(y¯, t0) on B¯ × [0, t0] if y¯ ∈ B, and u ≡ u(y¯, t0) on (D¯\B) × [0, t0] if y¯ ∈ (D\B¯). In either case,
it contradicts (2.1), which implies that ψ is not a constant on B¯ or D¯\B. Thus,
u(x, t) > u(y, t) for any x ∈ ∂ B and any y ∈ ∂ B. (2.4)
We claim that for each t > 0, u attains the same value for x ∈ ∂ B. If this is not true, then for some t > 0,
there exists some x˜ ∈ ∂ B such that u(x˜, t) > minx∈∂ B u(x, t). By continuity, there exists some point
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(y˘, t) in a neighborhood of (x˜ , t) such that y˘ ∈ ∂ B and u(y˘, t) > minx∈∂ B u(x, t). This contradicts (2.4).
Hence,
u(x, t) = M(t) for x ∈ ∂ B, and M(t) > u(y, t) for any y ∈ ∂ B. (2.5)
Multiplying the differential equation in the problem (1.2) by φ, and integrating over the domain D,
we obtain
µ′(t) + λµ(t) =
∫
D
∂χB(x)
∂ν
f (u(x, t))φ(x) dx . (2.6)
Using integration by parts and the Divergence Theorem, we have∫
D
∂χB(x)
∂ν
f (u(x, t))φ(x) dx = −
∫
D
χB(x)
n∑
i=1
∂
∂xi
( f (u(x, t))φ(x)νi (x)) dx
= −
∫
B
n∑
i=1
∂
∂xi
( f (u(x, t))φ(x)νi (x)) dx
=
∫
∂ B
f (u(x, t))φ(x) dx .
It follows from (2.3) and (2.5) that∫
∂ B
f (u(x, t))φ(x) dx ≥
∫
∂ B
u p(x, t) dx
= M p(t)
∫
∂ B
dx
= Rn−1ωM p(t).
From (2.6),
µ′(t) + λµ(t) ≥ Rn−1ωM p(t). (2.7)
From (2.5),
µ(t) ≤ M(t)
∫
D
φ(x) dx .
By the Schwarz inequality and
∫ 1
0 φ
2(x) dx = 1, we have
µ(t) ≤ |D|1/2M(t).
From (2.7),
µ′(t) + λµ(t) ≥ R
n−1ω
|D|p/2 µ
p(t).
Solving this Bernoulli inequality, we obtain
µ1−p(t) ≤ R
n−1ω
|D|p/2λ +
(
µ1−p(0) − R
n−1ω
|D|p/2λ
)
eλ(p−1)t .
From (2.2), µ1−p(0) < Rn−1ω/(|D|p/2λ). Thus, µ tends to infinity for some finite tb. This implies that
u blows up somewhere at tb, and hence, u blows up everywhere on ∂ B.
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